Similarly, we use R(p; ) to denote the localized restriction estimate 1 k<fk L p (S n?1 ) . R kfk L p (B(0;R)) for f supported in B(0; R), where <f =fj S n?1 is the sphere restriction operator.
Note that R(p; 0) is equivalent to the global restriction estimate k<fk L p (S n?1 ) . kfk L p (R n ) :
The restriction conjecture asserts 2 that R(p; 0) holds for all 1 p < 2n=(n + 1). Localized restriction theorems such as the L 2 estimate R(2; 1=2) have been utilized before (see 1, 2] ) as a stepping stone to global restriction theorems.
Although no formal equivalence has been proven between the two conjectures, the two conjectures are widely believed to be at least heuristically equivalent. For example, the implication Restriction =) Bochner-Riesz is known for the parabolic analogue of the spherical problem (Carbery 4] ), or when the (p; p) restriction hypothesis is strengthened to a (p; 2) estimate (see Fe erman 12], Christ 8, 7, 6 ], Tao 26] , etc.). Figure 1 illustrates the close relationship between progress on the two conjectures.
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The rst theorem is based on a very simple observation, that the Bochner-Riesz operator resembles the restriction operator when evaluated at points far away from the support of the function. The factor of 2 in the conclusion is a familiar aspect of the numerology of the problem, and re ects the principle that the local behaviour at scale R is best studied at a global scale of R 2 . A related \osculation" argument has appeared in 29].
The second theorem is more involved than the rst, and can be viewed as a statement that if one can control the (L p ; L p ) norm of < reasonably well on large balls, then one can control the (L q ; L p ) norm of the same operator on all of R n , where q is a slightly worse exponent than p. The proof of the theorem requires two ideas; rstly, the observation that control of the restriction operator on large balls can be bootstrapped to control of the same operator on \sparse" unions of these large balls; and secondly, a \exponentially low-dimensional" Calder on-Zygmund decomposition which covers a set E by a small number of sparse collections of balls which are not too huge.
In both theorems the uncertainty principle plays a minor but recurring role. For example, we take advantage of the frequency localization of the restriction operator to introduce a spatial uncertainty of O(1), and conversely we use a spatial localization at scale R to introduce a frequency uncertainty of O(1=R). We also rely on the freedom to introduce an uncertainty of O (1) 
for all g supported in the unit ball, where
and~ is a bump function supported in the region jxj 1; jỹj . 1.
We now use the Taylor series approximation jR 2 x ? Rỹj = R 2 jxj ? Rh x jxj ;ỹi + a(x;ỹ; 1=R); where a(x;ỹ; ) is a bounded function which is C 1 in x and for jxj 1, 0 . 1, jỹj . 1. The a(x;ỹ; 1=R) error term in the phase can be dropped, as can thẽ y-dependence of the amplitude function~ (x;ỹ) (see remarks at the end of this section), so that T R can be replaced byT R in (1), wherẽ 
In particular, if b = e ia for some a(x; y; ) then the operator norms of A R and B R are comparable (except for a rapidly decreasing error). Note that the L p spaces in the above lemma can easily be replaced by Lorentz spaces, Orlicz spaces, or any other quasi-normed spaces which are stable under multiplication by L 1 functions. The requirement that K is compactly supported in y can also be weakened. The fact that no regularity is assumed in y, although not needed in the proof of the above theorem, is useful in other applications, such as replacing a continuous estimate by its discrete analogue or vice versa. (See e.g. Bourgain 2] for examples of such heuristics).
Proof of theorem 1.2
The rst step is to bootstrap the localized restriction estimate so that it applies to functions which are supported on a sparse union of balls of constant radius. The idea is to exploit the fact that the Fourier transforms of functions on widely seperated balls behave in a quasi-orthogonal manner on the unit sphere.
De nition 3.1. A collection fB(x i ; R)g N i=1 of R-balls is sparse if the centers x i are R C N C seperated. (C denotes a constant that will change from line to line). for all f i 2 L 2 (R n ). By the T T method we can then replace the inequality with the equivalent inequality
1=2
By Schur's test and self-adjointness this estimate will follow from sup
where kTk denotes the L 2 operator norm of T.
This in turn will follow from the estimates k' i < <' i k . R and k' j < <' i k . R ?C N ?C ; j 6 = i:
To prove the former estimate 3 we use Plancherel's theorem to rewrite the estimate as
where d is surface measure on the sphere. But this follows from the trivial estimate
self-adjointness, and interpolation (or Schur's test).
To prove the latter estimate, we rewrite it as 
where 1=q 0 = 1=p + C= log(1= ); this will imply the theorem by H older's inequality and interpolation with known restriction theorems such as the trivial (L 1 ; L 1 ) estimate.
By averaging over translations 4 it su ces to show (3) when f is a measure supported on a discrete lattice Z n , and the L q0;1 norm is replaced by the discrete norm l q0;1 .
We may then replace f by f (and revert to the continuous norm L q0;1 ), where is the characteristic function of the cube of size c, and c 1 is chosen so that^ is positive on the unit sphere. Combining the two reductions we see that it su ces to verify the original estimate (3) when f is constant on c-cubes.
Since we are working in L q0;1 we may take f = E for some set E, which we can assume to be the union of c-cubes. Our objective is now to prove that k< E k p C jEj 1=p+C= log(1= ) (4) This will be accomplished with the aid of the following Calder on-Zygmund type lemma, which covers such a set E by a reasonably small number of sparse collections of balls, where one has some modest control on the size of the balls. Starting with k = 1 and proceeding recursively, we set E k to be the set of all x 2 E which are not in any E j for j < k and are such that jE \ B(x; R k )j jEj k=N : and (4) follows by setting N = C ?1 log(1= ) for some su ciently large C.
Additional remarks
Several variations on the above theme are possible. Further results on these problems will be presented in future papers (e.g. 27]).
In this section we shall discuss some open conjectures related to spherical BochnerRiesz and spherical restriction conjectures, which we describe brie y below for reference. (The notation and wording of the conjecture may di er slightly from the standard formulation). It is known ( 14] , 11]) that both the spherical and parabolic restriction conjectures imply the Kakeya maximal conjecture, and that 1] the Kakeya (resp. Nikodym) maximal function conjecture implies the Kakeya (resp. Nikodym) set conjecture. Also, the local smoothing conjecture of Sogge 22] is known to imply the maximal Bochner-Riesz conjecture and hence the Bochner-Riesz conjecture. Finally, the parabolic restriction conjecture is known to imply the parabolic Bochner-Riesz conjecture 4]. These equivalences, together with the ones discussed in this paper, are summarized in Figure 2 .
The arguments of Sections 2 and 3 can be generalized to arbitrary oscillatory integrals. Informally, the result is that any oscillatory integral estimate can be linearized into a global restriction theorem. More precisely, suppose A variation of the above methods shows that the full spherical restriction conjecture implies the full parabolic restriction conjecture. The key observation is that the restriction theorem at the critical index p = 2n=(n+1) is invariant under parabolic scaling. Thus, one can scale the spherical restriction conjecture at this index until the sphere resembles a paraboloid. (Lemma 2.1 can be used to make the notion of \resembling" precise). Of course, one does not have the restriction theorem at the endpoint index, so that in practice one only gets the localized restriction theorem R(p; ") for paraboloids for all p < 2n=(n + 1) and " > 0. One then removes the epsilon by the techniques in Section 3. We omit the details.
Our nal result is that the Kakeya and Nikodym maximal function conjectures are equivalent. The former implication is an analogue of the argument in 4]. The idea is most easily expressed for the set conjecture as the observation that a Nikodym set can always be mapped onto a Kakeya set by a projective transformation. To prove the corresponding implication for the maximal operators we rst note that to prove N(p; ) it su ces to show the frozen estimate kf (x; 0)k p .
n p ?1? kfk p ; where we parameterize R n by x = (x; x n ). We may assume f is supported on the slab 0 < x n 1. It su ces to prove the estimate for the slab 1=2 < x n 1, since the condition < (n + 1)=p and scaling considerations ensure that the other contributions are more favourable than this main term.
The implication is now immediate from the pointwise estimate f (x; 0) . (f ) C ( (x; 1) j(x; 1)j );
where (x; x n ) = ( x x n ; 1 x n ) is a projective transformation. This re ects the geometric fact that tubes through the point (x; 0) on the slab f1=2 < x n 1g are transformed under to tubes in the direction (x; 1) j(x;1)j .
